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What Is graphene?

Graphene = Single atomic layer of carbon atoms

Honeycomb lattice structure
::> Building block of many kinds of carbon materials.

graphene

nanotube

[Castro Neto et al., 2009]
2D electron system easy to process and observe.



History of graphene

1947: Band structure of graphene [Wallace,1947]

purely theoretical? The Band Theory of Graphite
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The structure of the clectronic cnergy bands and Brillouin zones for graphite is developed
using the “tight binding” approximation. Graphite is found to be a semi-conductor with zero
activation energy, i.e., there are no free electrons at zero temperature, but they are created
at higher temperatures by excitation to a band contiguous to the highest one which is normally
filled. The electrical conductivity is treated with assumptians about the mean free path. It is
found to be about 100 times as great parallel to as across crystal planes. A large and anisotropic
diamagnetic susceptibility is predicted for the conduction electrons; this is greatest for fields
across the layers. The volume optical absorption is accounted for.

Many theoretical studies...

2004: Isolation of monolayer graphene
[Novoselov et al.,2004]

Today: b
2D electron system easy to process and observe

One of the largest research interests
(on both theoretical and experimental side)
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2.

Review of low-energy effective
gauge theory




Lattice structure

Introduce triangular sublattices Aand B. = R~

Here we consider only nearest-
neighbor hopping t.

N

Tight-binding Hamiltonian:

Ho=—t» > [a'(Mb(7+ &)+ b (7 + 5)a(7)]

FeAi=1,2,3

t ~ 2.8eV (hopping parameter) a~1.42 A (interatomic spacing) [Wallace, 1947]


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AH_0%20%3D%20-t%20%5Csum_%7B%5Cvec%7Br%7D%5Cin%20A%7D%20%5Csum_%7Bi%3D1%2C2%2C3%7D%20%5Cleft%5B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Ba%5E%5Cdag%7D(%5Cvec%7Br%7D)%5Ctextcolor%5Brgb%5D%7B0%2C0%2C1%7D%7Bb%7D(%5Cvec%7Br%7D%2B%5Cvec%7Bs%7D_i)%20%2B%5Ctextcolor%5Brgb%5D%7B0%2C0%2C1%7D%7Bb%5E%5Cdag%7D(%5Cvec%7Br%7D%2B%5Cvec%7Bs%7D_i)%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Ba%7D(%5Cvec%7Br%7D)%5Cright%5D

Linear dispersion

The energy eigenvalue vanishes at two Fermi
(Dirac) points (in momentum space): By

The dispersion relation is linearized around Dirac points.

E(K+ +p) = v, |p| +O(p/K)°)

|' “Fermi velocity”

[Wallace, 1947]

v. = (3/2)apct ~ ¢/300



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%5Cvec%7BK%7D_%7B%5Cpm%7D%20%3D%20%5Cleft(%5Cpm%20%5Cfrac%7B4%5Cpi%7D%7B3%5Csqrt%7B3%7Da%7D%2C0%5Cright)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Cvec%7BK%7D_%2B
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Cvec%7BK%7D_-
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http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bv_%7B_F%7D%7D%3D(3%2F2)a_%7B%5Crm%20hc%7Dt%20%5Csim%20c%2F300

Dirac fermions on graphene

Linear dispersion
E(K+ +p) = xv,.[p]

» Electrons/holes are described as “2-dimensional’

massless 4-component Dirac fermions. [Semenoff, 1984]
Dirac eq.: ~ |
. (’}’Uat—’vp’}"a)%bzo
%({(} +P) Dirac point d.o.f.= “pseudospin”
w (m: bg(§++m . — K h I ”
o bo (K_ + ) Sublattice symmetry= “chiral symmetry
ar(K_ +p) Spin d.o.f.= “flavor”

Monolayer graphene = 2-flavor x 4 components
» EFT has U(4) symmetry generated by 16 generators:

{1,6} ®1{1,73,75, 7375 }


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0AE(%5Cvec%7BK%7D_%7B%5Cpm%7D%2B%5Cvec%7Bp%7D)%3D%5Cpm%20%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bv_%7B_F%7D%7D%7C%5Cvec%7Bp%7D%7C%20%5Ctextcolor%5Brgb%5D%7B0.6%2C0.6%2C0.6%7D%7B%2BO((p%2FK)%5E2)%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cleft(%5Cgamma_0%5Cpartial_t-%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bv_%7B_F%7D%7D%5Cvec%7B%5Cgamma%7D%5Ccdot%5Cvec%7B%5Cpartial%7D%5Cright)%5Cpsi%3D0
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cpsi_%5Csigma(%5Cvec%7Bp%7D)%3D%5Cleft(%0D%0A%5Cbegin%7Barray%7D%0D%0A%5C%2C%20a_%5Csigma(%5Cvec%7BK%7D_%2B%20%2B%5Cvec%7Bp%7D)%20%5C%5C%0D%0Ab_%5Csigma(%5Cvec%7BK%7D_%2B%20%2B%5Cvec%7Bp%7D)%20%5C%5C%0D%0Ab_%5Csigma(%5Cvec%7BK%7D_-%20%2B%5Cvec%7Bp%7D)%20%5C%5C%0D%0Aa_%5Csigma(%5Cvec%7BK%7D_-%20%2B%5Cvec%7Bp%7D)%0D%0A%5Cend%7Barray%7D%0D%0A%5Cright)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5C%7B1%2C%5Cvec%7B%5Csigma%7D%5C%7D%5Cotimes%5C%7B1%2C%5Cgamma_3%2C%5Cgamma_5%2C%5Cgamma_3%5Cgamma_5%20%5C%7D

Effective gauge theory [Son, 2007}

» Euclidean action interacting with U(1) gauge field:

T« Fermions in 3-dim interaction with gauge field @

_ Sp — Z/d.’l:(g)?,bf [’}/4(84 + ’5144) + Vp (’}/181 -+ ’}/282) -V-’T)’\l}’l,bf
; -

 =U(1) gauge field in 4-dim. Explicit band gap

1 .
SG _ 2_2 Z /d$(4)(8j/44)2 (induced e.g. by substrate)
9 5=1,2,3

Here,
Small Fermi velocity :> Instantaneous Coulomb interaction

:> Magnetic field effects are neglected.
Fij =0 04A; =0


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_F%20%3D%20%5Csum_f%20%5Cint%20dx%5E%7B(3)%7D%20%5Cbar%7B%5Cpsi%7D_f%20%5Cleft%5B%5Cgamma_4(%5Cpartial_4%2BiA_4)%20%2B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bv_%7B_F%7D%7D(%5Cgamma_1%5Cpartial_1%2B%5Cgamma_2%5Cpartial_2)%2Bm%5Cright%5D%0D%0A%5Cpsi_f
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_G%20%3D%20%5Cfrac%7B1%7D%7B2g%5E2%7D%20%5Csum_%7Bj%3D1%2C2%2C3%7D%5Cint%20dx%5E%7B(4)%7D%20(%5Cpartial_j%20A_4)%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AF_%7Bij%7D%3D0
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cpartial_4%20A_i%3D0

Effective gauge theory [Son, 2007}

» Temporal scale transformation: K2 & i
= =
T — T7/0 Ay — v A e e
/ F 4 F 4 J_u\/)—f f/ T ¢ (

. Eermions in 3-dim.  interaction with gauge field

1 Sp=) / dz®p s [ya(8s 4 A4) + (1101 + 7202) HimJg
; :

_-U(1) gauge field in 4-dim. Explicit band gap

fg (induced e.g. by substrate)
Sa =5 > /dﬂ?(ﬂ‘)(ajAaL)Q

=1,2,3 e = /U
j: 1

» Small Fermi velocity implies large effective Coulomb coupling:

2
_ JOED
¢? = 571 = =22 (~ 30093kD)

Vg

::> Strong coupling expansion around (=0 will work well.


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_F%20%3D%20%5Csum_f%20%5Cint%20dx%5E%7B(3)%7D%20%5Cbar%7B%5Cpsi%7D_f%20%5Cleft%5B%5Cgamma_4(%5Cpartial_4%2BiA_4)%20%2B(%5Cgamma_1%5Cpartial_1%2B%5Cgamma_2%5Cpartial_2)%20%2B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bm_*%7D%5Cright%5D%0D%0A%5Cpsi_f
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0Am_*%20%3D%20m%2Fv_%7B_F%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%20g_*%5E2%20%5Cequiv%20%5Cbeta%5E%7B-1%7D%3D%5Cfrac%7Bg_%7B%5Crm%20QED%7D%5E2%7D%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bv_%7B_F%7D%7D%7D%20(%5Csim%20300g_%7B%5Crm%20QED%7D%5E2)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_G%20%3D%20%5Cfrac%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Cbeta%7D%7D%7B2%7D%20%5Csum_%7Bj%3D1%2C2%2C3%7D%5Cint%20dx%5E%7B(4)%7D%20(%5Cpartial_j%20A_4)%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctau%20%5Crightarrow%20%5Ctau%2F%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bv_%7B_F%7D%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AA_4%20%5Crightarrow%20%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bv_%7B_F%7D%7DA_4

Physics at strong coupling (1)

Graphene: Dynamical gap generation

Insulating phase

Similar mechanism @

QCD: Spontaneous chiSB
Dynamical quark mass

Strong Coupling gauge theory Graphene
(e.g. QCD) (low-energy)
Gauge field A, | Electric field Ay
Coupling constant 92 Effective coupling gf
Quarks Q(: u,d, .. ) Quasi-electrons ¢
Chiral condensate (tjq> Exciton condensate / CDW <IE¢
Flavors Layers x Spin d.o.f.



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0Ag_*%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0Ag%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AA_%5Cmu%5Ea
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AA_%5Cmu
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0Aq%20(%3Du%2Cd%2C%5Cldots)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cpsi
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Clangle%20%5Cbar%7Bq%7D%20q%20%5Crangle
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Clangle%20%5Cbar%7B%5Cpsi%7D%20%5Cpsi%20%5Crangle

Physics at strong coupling (2)

Possible phase diagram:
(Proposed by [Son,2007])

semimetal

What will occur on the
graphene in the strong
coupling regime?

(6uidnoo ssienul) ¢

Related WOI’kS N]c (flavorS)

®* Schwinger-Dyson eq. [Khveschchenko,2001,2009]
(Gamayun et al.,2009]

* RGE S0n,2007] (/N expansion)
‘Herbut et al.,2009]

° Lattice Monte Carlo Hands & Strouthos,2009] (Thirring-like model)
Drut & Lahde,2009]




Physics at strong coupling (2)

Possible phase diagram:
(Proposed by [Son,2007])

semimetal

_ strong coupling expansion
What will occur on the }

graphene in the strong
coupling regime?

(6uidnoo ssienul) ¢

e

This work: Ny (flavors)

Strong coupling expansion of U(1) lattice gauge theory

|::> analytic calculations of

P Fermion dynamical gap at/around

— 3=0 (strong coupling), M=0 (chiral limit), V=2 (infinite volume)

P Collective excitations

“—

(Pseudo-)NG mode, Higgs-like mode



3.

Strong coupling expansion on
lattice




Regularization on a square lattice

p Gauge field:
U(1) Link variables: [/(xz) = (@) (-w <6 <m)

Uj (.CC) =1 (1=1,2,3)

p Fermions:

+ Described by a single staggered fermion X

23 — 4 X 2 [Hands & Strouthos, 2008]

doublers components  “flavors”(spin)

¢+ Global chiral symmetry:
Uy :  x(@) = ex(@), x(x) = x(z)e ™ (vector)
Ua:  x(@) = @x(x), x(x) = x(z)e@’s  (axial)

continuum staggered

U7 U x U(1)a SR Uy



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cchi
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctextcolor%5Brgb%5D%7B0.6%2C0.6%2C0.6%7D%7B(%7B%5Crm%20U(4)%20%5Clongrightarrow%7D)%20%7D%5Cquad%20%7B%5Crm%20U(1)_V%7D%20%5Ctimes%20%7B%5Crm%20U(1)_A%7D%0D%0A%5Coverset%7B%5Crm%20%5Cchi%20SB%7D%7B%5Clongrightarrow%7D%20%7B%5Crm%20U(1)_V%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%5Cmathrm%7BU(1)_V%7D%20%26%3A%5Cquad%26%20%5Cchi(x)%20%5Crightarrow%20e%5E%7Bi%5Ctheta_V%7D%5Cchi(x)%2C%5Cquad%20%5Cbar%7B%5Cchi%7D(x)%20%5Crightarrow%20%5Cbar%7B%5Cchi%7D(x)e%5E%7B-i%5Ctheta_V%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Cmathrm%7BU(1)_A%7D%20%26%3A%5Cquad%26%20%5Cchi(x)%20%5Crightarrow%20e%5E%7Bi%5Cepsilon(x)%5Ctheta_A%7D%5Cchi(x)%2C%5Cquad%20%5Cbar%7B%5Cchi%7D(x)%20%5Crightarrow%20%5Cbar%7B%5Cchi%7D(x)e%5E%7Bi%5Cepsilon(x)%5Ctheta_A%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BU_4(x)%7D%20%3D%20e%5E%7Bi%5Ctheta(x)%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A(%20-%5Cpi%20%5Cleq%20%5Ctheta%20%3C%20%5Cpi%20)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AU_j(x)%3D1

Lattice gauge action [Drut & Lahde, 2009]

> Se=) 15 D, (V@) =V, (2))+m.M(x)

213(3) M:132:4

Hopping operators: (kinetic terms)

V, (2) = nu(2)x(@)Uu(z)x(z + f1) V, (2) = nu(z)x(z + U (2)x ()

®—O O——@

@ Un(@) (o + ) @) Uil®) S 1)

Mesonic operator: (mass term) ”
M(z) = x(@)x(z)  x@) x(@)

— - gy,
f— ‘\

> Se=8> Y [1 ~ Re{Us(2)U (z + E)H Ua) =1 (-12:3)

L@ j=123 = Tm=——=-="7

plaquette o )
(6=1/¢% Yl Uie 49



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_F%20%3D%20%5Csum_%7Bx%5E%7B(3)%7D%7D%20%20%5Cleft%5B%20%20%5Cfrac%7B1%7D%7B2%7D%20%5Csum_%7B%5Cmu%3D1%2C2%2C4%7D%0D%0A%20%5Cleft(%20%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BV_%7B%5Cmu%7D%5E%2B(x)%7D-%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BV_%7B%5Cmu%7D%5E-(x)%7D%20%5Cright)%20%20%2B%20m_%7B*%7D%20%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BM(x)%7D%20%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BV_%7B%5Cmu%7D%5E%2B(x)%7D%26%3D%26%20%5Ceta_%7B%5Cmu%7D(x)%5Cbar%7B%5Cchi%7D(x)U_%7B%5Cmu%7D(x)%20%5Cchi(x%2B%5Chat%7B%5Cmu%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BV_%7B%5Cmu%7D%5E-(x)%7D%26%3D%26%20%5Ceta_%7B%5Cmu%7D(x)%5Cbar%7B%5Cchi%7D(x%2B%5Chat%7B%5Cmu%7D)U%5E%5Cdag_%7B%5Cmu%7D(x)%20%5Cchi(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cchi(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cchi(x%2B%5Chat%7B%5Cmu%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cbar%7B%5Cchi%7D(x%2B%5Chat%7B%5Cmu%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cbar%7B%5Cchi%7D(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AU%5E%5Cdag_%5Cmu(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AU_%5Cmu(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BM(x)%7D%20%3D%20%5Cbar%7B%5Cchi%7D(x)%5Cchi(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cbar%7B%5Cchi%7D(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cchi(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AU_4(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AU_4%5E%5Cdag(x%2B%5Chat%7Bj%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AU_j(x)%3D1
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_G%26%3D%26%20%5Cbeta%20%5Csum_%7Bx%5E%7B(4)%7D%7D%20%5Csum_%7Bj%3D1%2C2%2C3%7D%0D%0A%5Cleft%5B1-%7B%5Crm%20Re%7D%20%5Cleft(%20U_4(x)%20U_4%5E%7B%5Cdagger%7D(x%2B%5Chat%7Bj%7D)%20%5Cright)%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A(%5Cbeta%3D1%2Fg_*%5E2)

Strong coupling expansion 5.« suer 108

Expansion parameter: (3 = 1/ gf

E:> Link integration is performed order by order:

Z = /[dxdx] |d0)] [Z (_if)ne_SF} = /[dxdx]e_sx

n=0

Only the terms in which link variables cancel remain:
::> 4-fermi couplings are induced by the link integration.

LO[O(1)] NLO[O(B)]
(no plaquette) (1 plagquette)

P

( :' M(z +4)

~
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http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AZ%3D%20%5Cint%20%5Bd%5Cchi%20d%5Cbar%7B%5Cchi%7D%5D%5Ctextcolor%5Brgb%5D%7B0%2C0.6%2C0%7D%7B%5Bd%5Ctheta%5D%7D%20%5Cleft%5B%20%5Ctextcolor%5Brgb%5D%7B0%2C0.6%2C0%7D%7B%5Csum_%7Bn%3D0%7D%5E%7B%5Cinfty%7D%0D%0A%20%5Cfrac%7B(-S_G)%5En%20%7D%7Bn!%7D%7D%20e%5E%7B-S_F%7D%20%5Cright%5D%20%3D%20%5Cint%0D%0A%20%5Bd%5Cchi%20d%5Cbar%7B%5Cchi%7D%5D%20e%5E%7B-S_%7B%5Cchi%7D%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctextcolor%5Brgb%5D%7B0.6%2C0.6%2C0.6%7D%7B%5CBigl%5B%20S_G%20%5Csim%20O(%5Cbeta)%20%5CBigr%5D%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM(x%2B%5Chat%7B4%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AV_j%5E%2B(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AV_j%5E-(x%2B%5Chat%7B4%7D)

Fermionic effective action

- : — 01

LO[O(1)]

) ! M (x +4)



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM(x%2B%5Chat%7B4%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AV_j%5E%2B(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AV_j%5E-(x%2B%5Chat%7B4%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_%7B%5Cchi%7D%20%3D%20%5Csum_%7Bx%5E%7B(3)%7D%7D%5Cleft%5B%5Cfrac%7B1%7D%7B2%7D%5Csum_%7Bj%3D1%2C2%7D%5Cleft(V_j%5E%2B(x)-V_j%5E-(x)%5Cright)%20%2Bm_*M(x)%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A-%5Cfrac%7B1%7D%7B4%7D%5Csum_%7Bx%5E%7B(3)%7D%7DM(x)M(x%2B%5Chat%7B4%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%2B%20%5Cfrac%7B%5Cbeta%7D%7B8%7D%20%5Csum_%7Bx%5E%7B(3)%7D%7D%20%5Csum_%7Bj%3D1%2C2%7D%0D%0A%5Cleft%5B%20V_j%5E%2B(x)%20V_j%5E-(x%2B%5Chat%7B4%7D)%20%2B%20V_j%5E-(x)%20V_j%5E%2B(x%2B%5Chat%7B4%7D)%20%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AV_j%5E-(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AV_j%5E%2B(x%2B%5Chat%7B4%7D)

Auxiliary fields

Linearize the 4-fermi couplings [Miura et al.,2009]

by “Extended Stratonovich-Hubbard transformation”:

exp [ AB| = 1 /d)\d)\* exp |—a (|)\|2 — AN = BX\") |

1
exp [i Z M(z)M (x + 4)

x(3)

- /[dgb] [dp*] exp [—i > llo@))? = M(2)($(x) + ¢*(x — 4))]

z(3)

‘auxiliary field”:  @(z) = ¢, + 1€(x) Dy

/ \

Scalar Pseudoscalar
M(x) = x(x)x(z) P(z) = x(x)ie(x)x(x)


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cexp%5Cleft%5B%5Cfrac%7B1%7D%7B4%7D%5Csum_%7Bx%5E%7B(3)%7D%7DM(x)M(x%2B%5Chat%7B4%7D)%5Cright%5D%20%0D%0A%3D%20%5Cint%20%5Bd%5Cphi%5D%5Bd%5Cphi%5E*%5D%5Cexp%5Cleft%5B-%5Cfrac%7B1%7D%7B4%7D%5Csum_%7Bx%5E%7B(3)%7D%7D%5Cleft%5B%7C%5Cphi(x)%7C%5E2-M(x)(%5Cphi(x)%2B%5Cphi%5E*(x-%5Chat%7B4%7D))%5Cright%5D%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cphi(x)%20%5Cequiv%20%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Cphi_%5Csigma%7D%20%2B%20i%5Cepsilon(x)%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Cphi_%5Cpi%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM(x)%20%3D%20%5Cbar%7B%5Cchi%7D(x)%5Cchi(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AP(x)%20%3D%20%5Cbar%7B%5Cchi%7D(x)i%5Cepsilon(x)%5Cchi(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cexp%5Cleft%5B%5Calpha%20AB%5Cright%5D%0D%0A%3D%20%5Cfrac%7B1%7D%7B%5Cpi%20%5Calpha%7D%5Cint%20d%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Clambda%7D%20d%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Clambda%5E*%7D%0D%0A%5Cexp%5Cleft%5B-%5Calpha%5Cleft(%7C%5Clambda%7C%5E2%20-A%5Clambda-B%5Clambda%5E*%5Cright)%5Cright%5D

Free energy at T=0

» Propagator under background

P Dynamical fermion mass 7, — |m* _?

» Integration over the fermionic fields gives

a3 [l ] 5 foran]

—1,2 Lk

Tree level 1-loop [O(1)] 2-loop [O(B)]



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AG%5E%7B-1%7D(%5Cvec%7Bk%7D%3B%5Cphi)%20%5Cequiv%20%5Csum_%7Bj%3D1%2C2%7D%5Csin%5E2%20k_j%20%2B%20%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BM_F%7D%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BM_F%7D%20%3D%20%5Cleft%7Cm_*-%5Cfrac%7B%5Cphi%7D%7B2%7D%5Cright%7C
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0AF_%7B%5Crm%20eff%7D(%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Cphi%7D)%20%3D%20-%5Cfrac%7B1%7D%7BN_s%5E2N_%5Ctau%7D%5Cln%20Z(%5Cphi)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%3D%20%5Cfrac%7B1%7D%7B4%7D%7C%5Cphi%7C%5E2%20%20-%5Cfrac%7B1%7D%7B2%7D%5Cint_%7B%5Cvec%7Bk%7D%7D%20%5Cln%5Cleft%5BG%5E%7B-1%7D(%5Cvec%7Bk%7D%3B%5Cphi)%5Cright%5D%20-%5Cfrac%7B%5Cbeta%7D%7B4%7D%5Csum_%7Bj%3D1%2C2%7D%5Cleft%5B%5Cint_%7B%5Cvec%7Bk%7D%7DG(%5Cvec%7Bk%7D%3B%5Cphi)%5Csin%5E2k_j%5Cright%5D%5E2%20%5Ctextcolor%5Brgb%5D%7B0.6%2C0.6%2C0.6%7D%7B%2BO(%5Cbeta%5E2)%7D

Strong coupling limit

" 0.35_ (in lattice unit)
S xi10°F :
T i Exciton condensate ] 2
, ] _ 1 | [tree level] ~ |o|
i~ g (CDW order parameter). O ]
— 00F ;
TR r . F

_ 2){10"3 —I | f L~ l_:

0.0 / 0.1 0.2 0.3 0.4 0.5

K
[fermion 1-loop] ~ —|¢|* In |¢]|? Oo /Q\

A

P “Chiral symmetry” is spontaneously broken in the strong coupling limit.


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctext%7B%5Btree%20level%5D%7D%20%5Csim%20%7C%5Cphi%7C%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctext%7B%5Bfermion%201-loop%5D%7D%20%5Csim%20-%7C%5Cphi%7C%5E2%20%5Cln%7C%5Cphi%7C%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AF_%7B%5Crm%20eff
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cphi_%7B%5Csigma
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cphi_%7B%5Cpi%7D

Finite coupling region

0.003
0.002 |

0.001

—0.001 f

—0.002 t

» Exciton condensate (in lattice unit):

[(Xx)| = o = 0.240 — 0.2973

P By setting the lattice spacing  a ~ Qhoneycomb = 1.42A

2
vV, oa

E:> Dynamical gap Mp = — (0.523 — 0.6233)eV
a


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM_F%20%5Cequiv%20%5Cfrac%7Bv_%7B_F%7D%7D%7Ba%7D%5Cfrac%7B%5Csigma%20a%5E2%7D%7B2%7D%20%5Csimeq%20(0.523-0.623%5Cbeta)%7B%5Crm%20eV%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%7C%5Clangle%20%5Cbar%7B%5Cchi%7D%5Cchi%20%5Crangle%7C%20%3D%20%5Csigma%20%3D%200.240-0.297%5Cbeta
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Csigma(%5Cbeta)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cbeta
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0Aa%20%5Csim%20a_%7B%5Crm%20honeycomb%7D%20%3D%201.42%7B%5Crm%20%5CAA%7D

Non-compact gauge action

So far we have worked with compact gauge action:

What about the non-compact gauge action ? [Drut & Lahde, 2010]
NC 5 Y y* —0(x + 4)]
$(4)3 1,2,3

Strong coupling expansion:

LO : The gauge term does not contribute at 3=0.
C NC o(8=0)@
= o (B=0=0"(5=0)

NLO effect...?



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_G%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Crm%20NC%7D%7D%20%3D%20%5Cfrac%7B%5Cbeta%7D%7B2%7D%5Csum_%7Bx%5E%7B(4)%7D%7D%5Csum_%7Bj%3D1%2C2%2C3%7D%20%5Cleft%5B%5Ctheta(x)-%5Ctheta(x%2B%5Chat%7B4%7D)%5Cright%5D%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_G%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Crm%20C%7D%7D%26%3D%26%20%5Cfrac%7B1%7D%7Bg_*%5E2%7D%20%5Csum_%7Bx%5E%7B(4)%7D%7D%20%5Csum_%7Bj%3D1%2C2%2C3%7D%0D%0A%5Cleft%5B1-%7B%5Crm%20Re%7D%20%5Cleft(%20U_4(x)%20U_4%5E%7B%5Cdagger%7D(x%2B%5Chat%7Bj%7D)%20%5Cright)%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Csigma%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Crm%20C%7D%7D(%5Cbeta%3D0)%20%3D%20%5Csigma%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Crm%20NC%7D%7D(%5Cbeta%3D0)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Csigma(%5Cbeta)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Csigma(%5Cbeta%3D0)

Non-compact link integration

e.g.) Integration over 6(x) and 6(x —I—:y\) From non-compact plaquette
1
exp [~ (V@) = Vi @) + Vi o+ ) = Virta+ 1)) | () Bz + )

™ do(z) [T dO(z + )
/ 2T

— T

One plaquette also works as its c.c.
. NC C
E:> The NLO effect is doubled: ASX =2 X ASX


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctheta(x)%20%5Ctext%7B%20and%20%7D%20%5Ctheta(x%2B%5Chat%7Bj%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x)%7D%7B2%5Cpi%7D%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x%2B%5Chat%7Bj%7D)%7D%7B2%5Cpi%7D%20%5Cexp%5Cleft%5B-%5Cfrac%7B1%7D%7B2%7D%5Cleft(V_4%5E%2B(x)-V_4%5E-(x)%20%2BV_4%5E%2B(x%2B%5Chat%7Bj%7D)-V_4%5E-(x%2B%5Chat%7Bj%7D)%5Cright)%5Cright%5D%0D%0A
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Ctheta(x)%5Ctheta(x%2B%5Chat%7Bj%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Ctimes%20%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x%2B%5Chat%7Bj%7D)%7D%7B2%5Cpi%7D%20%5Ccdots
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5CDelta%20S_%5Cchi%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BNC%7D%7D%20%3D%202%20%5Ctimes%20%5CDelta%20S_%5Cchi%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BC%7D%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%3D%20%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x)%7D%7B2%5Cpi%7D%20%5Ctextcolor%5Brgb%5D%7B0%2C0%2C0.6%7D%7B%5Ctheta(x)%7D%5Cleft%5B1-%5Cfrac%7B1%7D%7B2%7D%5Cbar%7B%5Cchi%7D(x)%5Ctextcolor%5Brgb%5D%7B0%2C0%2C0.6%7D%7Be%5E%7Bi%5Ctheta(x)%7D%7D%5Cchi(x%2B%5Chat%7B4%7D)%2B%5Cfrac%7B1%7D%7B2%7D%5Cbar%7B%5Cchi%7D(x%2B%5Chat%7B4%7D)%5Ctextcolor%5Brgb%5D%7B0%2C0%2C0.6%7D%7Be%5E%7B-i%5Ctheta(x)%7D%7D%5Cchi(x)%20%2B%5Cfrac%7B1%7D%7B4%7DM(x)M(x%2B%5Chat%7B4%7D)%5Cright%5D%20%0D%0A
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctextcolor%5Brgb%5D%7B0%2C0%2C0.6%7D%7B%5Cleft(%20%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%20%5Cfrac%7Bd%5Ctheta%7D%7B2%5Cpi%7D%5Ctheta%20e%5E%7B%5Cpm%20i%5Ctheta%7D%20%3D%20%5Cpm%20i%20%5Cright)%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AV_j%5E%2B(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AV_j%5E-(x%2B%5Chat%7B4%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AV_j%5E-(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AV_j%5E%2B(x%2B%5Chat%7B4%7D)

Non-compact gauge action

So far we have worked with compact gauge action:

What about the non-compact gauge action ? [Drut & Lahde, 2010]
NC 5 Y y* —0(x + 4)]
$(4)3 1,2,3

Strong coupling expansion:

LO : The gauge term does not contribute at 3=0.
C NC o(8=0
= o (B=0=c"" (=0 " c

NLO : one plaquette also contributes as its c.c.

::> oNC(B) drops twice as fast as (). NC s



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_G%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Crm%20NC%7D%7D%20%3D%20%5Cfrac%7B%5Cbeta%7D%7B2%7D%5Csum_%7Bx%5E%7B(4)%7D%7D%5Csum_%7Bj%3D1%2C2%2C3%7D%20%5Cleft%5B%5Ctheta(x)-%5Ctheta(x%2B%5Chat%7B4%7D)%5Cright%5D%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_G%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Crm%20C%7D%7D%26%3D%26%20%5Cfrac%7B1%7D%7Bg_*%5E2%7D%20%5Csum_%7Bx%5E%7B(4)%7D%7D%20%5Csum_%7Bj%3D1%2C2%2C3%7D%0D%0A%5Cleft%5B1-%7B%5Crm%20Re%7D%20%5Cleft(%20U_4(x)%20U_4%5E%7B%5Cdagger%7D(x%2B%5Chat%7Bj%7D)%20%5Cright)%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Csigma%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Crm%20C%7D%7D(%5Cbeta%3D0)%20%3D%20%5Csigma%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Crm%20NC%7D%7D(%5Cbeta%3D0)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Csigma(%5Cbeta)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cbeta
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Csigma(%5Cbeta%3D0)

MC simulations vs. Strong coupling expansion (SCE)

iR Monte Carlo results: ]

[ 8 32% 00050 ~e | 012p . «o e ]
2L TR [Drut & Lahde, 2010] UEole R
orer ! '; <:: w/ compact gauge action 008

: s - 0.06 |
01} F :

I ¢ 0.04 [
oosf w/ non-compact gauge action ::> o2}

_ o . ! 3 |

ol RO ) _ _ ® %05 04 o015 02
0 02 04 BO-G 08 1 [both without “tadpole improvement’] P
Comparison:

» 0,,(B~> 0): consistent with oc-£(B=0)=0.240

» 0,,c(B#0; compact) > o,(B#0; non-compact) : consistent with SCE result



4.

Collective excitations




‘ Collective excitations (excitons)

> Fluctuations of the order parameter ¢

Feﬁl
-y

1_-mode: phase fluctuation mode

“pseudoscalar” type
(P) = (xiex)

0 _-mode: amplitude fluctuation mode

“scalar” type
(M) = (Xx)



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AF_%7B%5Crm%20eff
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cphi_%7B%5Csigma
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cphi_%7B%5Cpi%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Clangle%20M%20%5Crangle%20%3D%20%5Clangle%20%5Cbar%7B%5Cchi%7D%5Cchi%20%5Crangle
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Clangle%20P%20%5Crangle%20%3D%20%5Clangle%20%5Cbar%7B%5Cchi%7D%20i%5Cepsilon%5Cchi%20%5Crangle
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Clangle%20%5Cphi_%5Csigma%20%5Crangle%20%3D%20-%5Csigma

Dispersion relation

p Boson propagators (with fermion 1-loop):

5[0 ©
Go=—0,0,=0

(z,y) =
Ds. . 0¢6,7(2)0b0x(y)
1 + cosh w, Zj sink;sin(k; +p;) £ m?2

D} (iwe) = 5 /
> Dy, Biws) =3 8 Elm2 450 sin ks | [m2 + 52, sin? (k; + py)]
er /o (for 3=0)

p Dispersion relation is given by an imaginary pole of the propagator:

D_l (ﬁ.}, ingﬁ (@/UF) — () (temporal scale restored)

> Excitation energy (mass): My = we (p'=0)


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM_%7B%5Csigma%2C%5Cpi%7D%3D%5Comega_%7B%5Csigma%2C%5Cpi%7D(%5Cvec%7Bp%7D%3D0)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AD%5E%7B-1%7D_%7B%5Cphi_%7B%5Csigma%2C%5Cpi%7D%7D(x%2Cy)%20%3D%20%5Cfrac%7B%5Cdelta%5E2%20S_%7B%5Crm%20eff%7D%5B%5Cphi%5D%7D%7B%5Cdelta%20%5Cphi_%7B%5Csigma%2C%5Cpi%7D(x)%5Cdelta%20%5Cphi_%7B%5Csigma%2C%5Cpi%7D(y)%7D%20%5CBiggr%7C_%7B%5Cphi_%5Csigma%3D-%5Csigma%2C%20%5Cphi_%5Cpi%3D0%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AD_%7B%5Cphi_%7B%5Csigma%2C%5Cpi%7D%7D%5E%7B-1%7D(%5Cvec%7Bp%7D%2Ci%5Comega_*)%0D%0A%3D%5Cfrac%7B1%7D%7B2%7D%20-%5Cfrac%7B1%2B%5Ccosh%20%5Comega_*%7D%7B8%7D%0D%0A%5Cint_%7B%5Cvec%7Bk%7D%7D%20%5Cfrac%7B%5Csum_j%20%5Csin%20k_j%20%5Csin(k_j%2Bp_j)%20%5Cpm%20m_%5Csigma%5E2%7D%7B%5Cleft%5Bm_%5Csigma%5E2%2B%5Csum_j%20%5Csin%5E2k_j%5Cright%5D%20%5Cleft%5Bm_%5Csigma%5E2%2B%5Csum_j%20%5Csin%5E2(k_j%2Bp_j)%5Cright%5D%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AD%5E%7B-1%7D_%7B%5Cphi_%7B%5Csigma%2C%5Cpi%7D%7D(%5Cvec%7Bp%7D%2Ci%5Comega_%7B%5Csigma%2C%5Cpi%7D(%5Cvec%7Bp%7D)%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%2Fv_%7B_F%7D%7D)%20%3D%200

T -mode

2V m — ‘ ,
M- ~ F =0 :D NG boson
" a Mp(m = 0) from chiSB

(: 840, /51 (:;“ 5 eV)

1 ~ “pion decay constant” ————

—_\V 1Mo
-
Fﬂ'

e e e e e — — — — — — — — — — — — — — — —)

| |
| |
| 1 |
M, o< v/m s VM@ i

e e o e o — — — — — — — — — — — — — — ]

Experimental observation would give a good evidence of chiSB .


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Clangle%200%20%7C%20J_4%5E%7B%5Crm%20axial%7D%20%7C%20%5Cpi%20%5Crangle%20%5Cequiv%202%20%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BF_%5Cpi%5E%5Ctau%7D%20%5Comega_%5Cpi
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM_%7B%5Cpi%7D%20%5Cpropto%20%5Csqrt%7Bm%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cleft(%20%3D8.40%20%5Csqrt%7B%5Cfrac%7Bm%7D%7BM_F(m%3D0)%7D%7D%20%7B%5Crm%20eV%7D%20%5Cright)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cequiv%20%5Cfrac%7B1%7D%7BF_%5Cpi%5E%5Ctau%7D%5Csqrt%7Bm%5Csigma%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM_%5Cpi%20%5Csimeq%20%5Cfrac%7B2v_%7B_F%7D%7D%7Ba%7D%5Csqrt%7B%5Cfrac%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bm%7D%7D%7BM_F(m%3D0)%7D%7D%20%5Cquad%20%5Coverset%7Bm%3D0%7D%7B%5Clongrightarrow%7D%200
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0Am_%5Cpi%20%3D%20%5Cfrac%7B1%7D%7Bf_%5Cpi%7D%5Csqrt%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bm_q%7D%20%5Csigma%7D

-mode

My ~Z=@30-0473 ~ (5.47 — 1.975)eV

Ur
a

» Quite a heavy mass

-- comparable to the cutoff energy A =, L 13V

@ a
Similar to:

o-meson in QCD
Higgs patrticle in electroweak theory


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5CLambda%20%5Cequiv%20v_%7B_F%7D%5Cfrac%7B%5Cpi%7D%7Ba%7D%3D13%7B%5Crm%20eV%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Csimeq%20%5Cfrac%7Bv_%7B_F%7D%7D%7Ba%7D(1.30-0.47%5Cbeta)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM_%5Csigma
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Csimeq%20(5.47-1.97%5Cbeta)%20%7B%5Crm%20eV%7D

D.

Summary



Excitation spectra

10 eV
M heavy
o

\ | /

5eV
\ | /

0.5eV
M. /

B=0 (strong coupling limit) B3>0 B3>0

M=0 (chiral limit) m=0 m>0


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5CLambda%20%5Cequiv%20v_%7B_F%7D%5Cfrac%7B%5Cpi%7D%7Ba%7D%3D13%7B%5Crm%20eV%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM_F
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM_%5Cpi
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM_%5Csigma

Conclusion

® Monolayer graphene is treated analytically by strong coupling
expansion of the U(1) “mixed dimension” model on lattice.

® Chiral symmetry is broken in the strong coupling regime,
l.e. the fermionic quasiparticles receive a dynamical gap.

[(xx)| = (0.240 — 0.2973)a 2

2
V. 0a

— —— ~ (0.523 — 0.6233)eV
2T o e

® Compact and non-compact gauge formulations are compared.
Difference starts to appear from NLO.

Mp

® Collective excitation modes are examined.
n(phase fluctuation)-exciton behaves as a NG boson.

M, ~ 2 o« y/m M, ~ (5.47 — 1.973)eV
a M7=
= 840, | —=gyeV
F



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%7C%5Clangle%20%5Cbar%7B%5Cchi%7D%5Cchi%20%5Crangle%7C%20%3D%20(0.240-0.297%5Cbeta)a%5E%7B-2%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM_F%20%5Cequiv%20%5Cfrac%7Bv_%7B_F%7D%7D%7Ba%7D%5Cfrac%7B%5Csigma%20a%5E2%7D%7B2%7D%20%5Csimeq%20(0.523-0.623%5Cbeta)%7B%5Crm%20eV%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM_%7B%5Cpi%7D%20%5Csimeq%20%5Cfrac%7B2v_%7B_F%7D%7D%7Ba%7D%5Csqrt%7B%5Cfrac%7Bm%7D%7BM_F%5E%7Bm%3D0%7D%7D%7D%20%5Cquad%20%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Cpropto%20%5Csqrt%7Bm%7D%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM_%5Csigma%20%5Csimeq%20(5.47-1.97%5Cbeta)%7B%5Crm%20eV%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%3D%208.40%5Csqrt%7B%5Cfrac%7Bm%7D%7BM_F%5E%7Bm%3D0%7D%7D%7D%5Ctext%7BeV%7D

Future prospects

® Finite temperature analysis

® NNLO calculation in strong coupling expansion

® Exact U(4) symmetry e.g. by overlap fermion.

® Larger N,

® Effective theory for n -excitons (like chiPT for pions)

® Fermions with original honeycomb lattice structure



Thank you.



Low-energy effective theory

Electrons/holes on graphene show linear dispersion
around two “Dirac points™:

E([{ti + ﬁ) = +v, |ﬁ| [Wallace, 1947]

- “Fermi velocity”
= (3/2)apct ~ ¢/300
a,.=1.42 A (interatomic spacing) | K K+

t = 2.8eV (hopping parameter)

A 4

Electrons/holes are described as massless Dirac fermions.

4 = 2 x 2 wrie
— X @) = | it
components DPs sublattices ap(K_ +p)

(Spin up/down is considered as “flavor”: N.=2)


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0AE(%5Cvec%7BK%7D_%7B%5Cpm%7D%2B%5Cvec%7Bp%7D)%3D%5Cpm%20%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bv_%7B_F%7D%7D%7C%5Cvec%7Bp%7D%7C%20%5Ctextcolor%5Brgb%5D%7B0.6%2C0.6%2C0.6%7D%7B%2BO((p%2FK)%5E2)%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Cvec%7BK%7D_%2B
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Cvec%7BK%7D_-
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bv_%7B_F%7D%7D%3D(3%2F2)a_%7B%5Crm%20hc%7Dt%20%5Csim%20c%2F300
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cpsi_%5Csigma(%5Cvec%7Bp%7D)%3D%5Cleft(%0D%0A%5Cbegin%7Barray%7D%0D%0A%5C%2C%20a_%5Csigma(%5Cvec%7BK%7D_%2B%20%2B%5Cvec%7Bp%7D)%20%5C%5C%0D%0Ab_%5Csigma(%5Cvec%7BK%7D_%2B%20%2B%5Cvec%7Bp%7D)%20%5C%5C%0D%0Ab_%5Csigma(%5Cvec%7BK%7D_-%20%2B%5Cvec%7Bp%7D)%20%5C%5C%0D%0Aa_%5Csigma(%5Cvec%7BK%7D_-%20%2B%5Cvec%7Bp%7D)%0D%0A%5Cend%7Barray%7D%0D%0A%5Cright)

Mixed dimension model

Incorporate Coulomb interaction. % § %

@ -~ \" D—( “/ o “%_ \/\’}:

Low-energy effective action [Son, 2007] »’_\4/\ o

\,&\—/ﬁ\
—@ S Yy
4 /\ ﬂ P A

(2+1)-dim. fermionic field:
Sr = Z/da:<3>¢f [74(04 + iAy) + v, (7101 4 7202) 4 m] Uy

(3+1)-dim. U(1) gauge (electric) field:

1
=535 D /d$(4)(3jA4)2
j=1,2,3

2
92 _“ (for suspended graphene)

€0

Assume “instantaneous” Magnetic components (A)
Coulomb interaction :D neglected


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_G%20%3D%20%5Cfrac%7B1%7D%7B2g%5E2%7D%20%5Csum_%7Bj%3D1%2C2%2C3%7D%5Cint%20dx%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B(4)%7D%7D%20(%5Cpartial_j%20A_4)%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0Ag%5E2%20%3D%20%5Cfrac%7Be%5E2%7D%7B%5Cepsilon_0%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_F%20%3D%20%5Csum_f%20%5Cint%20dx%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B(3)%7D%7D%20%5Cbar%7B%5Cpsi%7D_f%20%5Cleft%5B%5Cgamma_4(%5Cpartial_4%2BiA_4)%20%2B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bv_%7B_F%7D%7D(%5Cgamma_1%5Cpartial_1%2B%5Cgamma_2%5Cpartial_2)%20%2Bm%5Cright%5D%0D%0A%5Cpsi_f

Effectively strong coupling

Scale transformation in the temporal direction:

@ T — T/U, Ay — v, Ay

Sp = Z / Az p [y4(04 + iAs) + (101 + 71202) + m.| vy
I

1
SG p— 5 Z /d$(4)(8j144)2

2
I+~ ;123

m, = m/v,

Effectively strong Coulomb coupling.

e’ géED
2 2
9 v, €0 v, ( gQED)

Perturbative approach cannot be applied.

Treated as strong coupling U(1) gauge theory.


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctau%20%5Crightarrow%20%5Ctau%2F%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bv_%7B_F%7D%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AA_4%20%5Crightarrow%20%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bv_%7B_F%7D%7DA_4
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_F%20%3D%20%5Csum_f%20%5Cint%20dx%5E%7B(3)%7D%20%5Cbar%7B%5Cpsi%7D_f%20%5Cleft%5B%5Cgamma_4(%5Cpartial_4%2BiA_4)%20%2B(%5Cgamma_1%5Cpartial_1%2B%5Cgamma_2%5Cpartial_2)%20%2B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bm_*%7D%5Cright%5D%0D%0A%5Cpsi_f
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_G%20%3D%20%5Cfrac%7B1%7D%7B2%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7Bg_*%7D%5E2%7D%20%5Csum_%7Bj%3D1%2C2%2C3%7D%5Cint%20dx%5E%7B(4)%7D%20(%5Cpartial_j%20A_4)%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0Am_*%20%3D%20m%2Fv_%7B_F%7D

Strong coupling nature

What will occur in the strong coupling regime?

Strong Coulomb coupling

s

Spontaneous chiSB ...?
e-h pair: exciton condensate (1010) mass gap

ags

Dynamical mass gap ...?

Insulator ...?

Semimetal-insulator transition (in graphene)

@ Similar mechanism

Dynamical mass generation (of quarks [QCD])




Correspondence

Strong Coupling gauge Graphene
theory (e.g. QCD) (low-energy)
. a - g
Gauge field A,u Electric field A}u

Coupling constant 92 Effective coupling gf

Quarks ¢q(= u,d,...)|Quasi-electrons (0

Chiral condensate (Gq)|Exciton condensate(:v))

Flavors Layers x Spin d.o.f.

Our approach

Lattice gauge theory

Properties of graphene:
Dynamical mass gap

Strong coupling expansion

(Powerful approach in QCD) Collective excitations


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0Ag_*%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0Ag%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AA_%5Cmu%5Ea
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AA_%5Cmu
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0Aq%20(%3Du%2Cd%2C%5Cldots)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cpsi
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Clangle%20%5Cbar%7Bq%7D%20q%20%5Crangle
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Clangle%20%5Cbar%7B%5Cpsi%7D%20%5Cpsi%20%5Crangle

Symmetries

Continuum theory is invariant under U(4) transf. generated by
{1,6} ®{1,73,7, 7375}
Subgroups:
global gauge transtf.
Uv: o=, ¢ — e
chiral transf. (at chiral limit m=0)

V UMa: & — ™09, 4 — el

Lattice regularized theory is invariant only under

global gauge transtf.
Ulv: x(@) —e%x(@), x(z)— x(z)e "
“chiral” transf. (at chiral limit m=0)

U)a:  x(z) — e“®Pay(z),  x(z) — x(x)e @)

Staggered fermion preserves U(1),xU(1), symmetry.


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%5Cmathrm%7BU(1)_V%7D%20%3A%5Cquad%20%5Cpsi%20%5Crightarrow%20e%5E%7Bi%5Ctheta_V%7D%5Cpsi%2C%5Cquad%20%5Cbar%7B%5Cpsi%7D%20%5Crightarrow%20%5Cbar%7B%5Cpsi%7De%5E%7B-i%5Ctheta_V%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%5Cmathrm%7BU(1)_A%7D%20%3A%5Cquad%20%5Cpsi%20%5Crightarrow%20e%5E%7Bi%5Cgamma_5%5Ctheta_A%7D%5Cpsi%2C%5Cquad%20%5Cbar%7B%5Cpsi%7D%20%5Crightarrow%20%5Cbar%7B%5Cpsi%7De%5E%7Bi%5Cgamma_5%5Ctheta_A%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%5Cmathrm%7BU(1)_V%7D%20%26%3A%5Cquad%26%20%5Cchi(x)%20%5Crightarrow%20e%5E%7Bi%5Ctheta_V%7D%5Cchi(x)%2C%5Cquad%20%5Cbar%7B%5Cchi%7D(x)%20%5Crightarrow%20%5Cbar%7B%5Cchi%7D(x)e%5E%7B-i%5Ctheta_V%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Cmathrm%7BU(1)_A%7D%20%26%3A%5Cquad%26%20%5Cchi(x)%20%5Crightarrow%20e%5E%7Bi%5Cepsilon(x)%5Ctheta_A%7D%5Cchi(x)%2C%5Cquad%20%5Cbar%7B%5Cchi%7D(x)%20%5Crightarrow%20%5Cbar%7B%5Cchi%7D(x)e%5E%7Bi%5Cepsilon(x)%5Ctheta_A%7D

Electron spectrum

To describe the behavior of the electrons,
we introduce the tight-binding Hamiltonian.

Ho=—tYy Y [a(Mb(F+5) + b1 (7 + 5)a(7)]

FeAi=1,23

t~2.8eV  a~1.42 A (interatomic spacing)

The energy eigenvalue vanishes at two Fermi
(Dirac) points. :

— 47'['
Ky =(+ 0
8 (3\/50,)

“Fermi velocity” =(3/2)at ~ 0.00302¢

B 9 = @i + o/ KA

The dispersion relation is linearized around the Dirac points.



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%5Cvec%7BK%7D_%7B%5Cpm%7D%20%3D%20%5Cleft(%5Cpm%20%5Cfrac%7B4%5Cpi%7D%7B3%5Csqrt%7B3%7Da%7D%2C0%5Cright)

Low-energy effective theory

Expanding the operators around the Dirac points,
a(K+ +p)

the Hamiltonian is given as O(F) = bEIQ +@)
b(K_+p

Ho=vY ¢'(@) (7 -9 v@ ok +7
P
Lagrangian form:

Lo — i/d%w(f’) [fyoat — 07 3] (7)

A

Low-energy electrons on graphene can be described as
(2+1)-D massless Dirac fermions. (except Fermi velocity)

Dirac points — “pseudospin”
Spin d.o.f. — “flavors”


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%5Cpsi(%5Cvec%7Bp%7D)%20%5Cequiv%20%5Cleft(%0D%0A%5Cbegin%7Barray%7D%0D%0A%20%5C%2C%20a(%5Cvec%7BK%7D_%2B%20%2B%5Cvec%7Bp%7D)%20%5C%5C%0D%0A%20b(%5Cvec%7BK%7D_%2B%20%2B%5Cvec%7Bp%7D)%20%5C%5C%0D%0A%20b(%5Cvec%7BK%7D_-%20%2B%5Cvec%7Bp%7D)%20%5C%5C%0D%0A%20a(%5Cvec%7BK%7D_-%20%2B%5Cvec%7Bp%7D)%0D%0A%5Cend%7Barray%7D%0D%0A%5Cright)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20H_0%20%3D%20v%20%5Csum_%7B%5Cvec%7Bp%7D%7D%20%5Cpsi%5E%7B%5Cdag%7D(%5Cvec%7Bp%7D)%20%5Cleft(%5Cgamma_0%20%5Cvec%7B%5Cgamma%7D%5Ccdot%5Cvec%7Bp%7D%20%5Cright)%20%5Cpsi(%5Cvec%7Bp%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20L_0%20%3D%20i%20%5Cint%20d%5E2%20r%20%5Cbar%7B%5Cpsi%7D(%5Cvec%7Br%7D)%20%5Cleft%5B%5Cgamma%5E0%20%5Cpartial_t%20-%20v%5Cvec%7B%5Cgamma%7D%5Ccdot%5Cvec%7B%5Cpartial%7D%5Cright%5D%20%5Cpsi(%5Cvec%7Br%7D)

Strong coupling nature

—

S = f dtd*z [%0(80 — iAg)Y — vihF - 81&} - 21—2 f dtd>x(0; Ag)?
g
Scale transformation g> =e?/eq
t—t/v Ay — vAp
S =i / dtd*z [1/370(80 — iAg) — 7 - 51/)} + % / dtd®z(0; Ag)*
g

Coupling strength (“fine structure constant”)

becomes , Perturbative approach

g = —— ~ 3000 ~ 2 ::> cannot be applied.

 Aqve
" Treated as strong coupling
U(1) gauge theory.



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20S%20%3D%20i%20%5Cint%20dt%20d%5E2x%20%5Cleft%5B%5Cbar%7B%5Cpsi%7D%5Cgamma%5E0(%5Cpartial_0-iA_0)%5Cpsi%20-%20v%5Cbar%7B%5Cpsi%7D%5Cvec%7B%5Cgamma%7D%5Ccdot%5Cvec%7B%5Cpartial%7D%5Cpsi%20%5Cright%5D%20%2B%20%5Cfrac%7B1%7D%7B2g%5E2%7D%5Cint%20dt%20d%5E3x%20(%5Cpartial_i%20A_0)%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20S%20%3D%20i%20%5Cint%20dt%20d%5E2x%20%5Cleft%5B%5Cbar%7B%5Cpsi%7D%5Cgamma%5E0(%5Cpartial_0-iA_0)%5Cpsi%20-%20%5Cbar%7B%5Cpsi%7D%5Cvec%7B%5Cgamma%7D%5Ccdot%5Cvec%7B%5Cpartial%7D%5Cpsi%20%5Cright%5D%20%2B%20%5Cfrac%7Bv%7D%7B2g%5E2%7D%5Cint%20dt%20d%5E3x%20(%5Cpartial_i%20A_0)%5E2

Correspondence

SC gauge theory Graphene
(e.g. QCD) (low-energy)
Gauge field 4. | Electromagnetic field A,
2 2 /oy
Coupling constant 9 e”/ve
Fermions Electrons i
(qq) (Yy)

Chiral condensate - Exciton cond.

N f

Flavors
Our approach

Layers x Spin d.o.f.

Lattice gauge theory

Dynamical mass gap

Properties of graphene:
Strong coupling expansion

(Powerful approach in QCD) Collective excitations

[Nishida, Fukushima & Hatsuda, 2004]
[Miura, Nakano & Ohnishi, 2009]



Lattice regularization

Euclidean Low-energy effective theory [Son,2007]
Sp = fdtin”% [’Yo(ao +ido)+7-9+ mo} Va

s / 3 2
= — dtd 6314
2 =(0:Ao) UV cutoff: A = 7/a ~ 4.36keV

:> Discretize on the square lattice. (with staggered fermions)

1 .
S =3 2 i Kal@ 0 (.4 1) = Xl De 00y, (0,1

__Z Z (2, 1) [ z,t)Xa(T +J,t) — )Za($+3;t)Xa($}t)]

xz,t 7=1,2
—mg Z Yao(z,t)xa(z, 1) a=1,...N: layer index
x,t
1 . . A . . ~
Sa = 62 Z . 5 (ezﬁ(a:,t)e—zé’(a:-l—j,t) 4+ e—zﬁ(a:,t)ezﬁ(a:-l—j,t))]
ot j=1,2,3

Link variable (compact form): e? ~ 1+ 1Ag


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20S_F%26%3D%26%20%5Cint%20dt%20d%5E2x%20%5Cbar%7B%5Cpsi%7D_a%20%5Cleft%5B%5Cgamma_0(%5Cpartial_0%2BiA_0)%20%2B%20%5Cvec%7B%5Cgamma%7D%5Ccdot%5Cvec%7B%5Cpartial%7D%20%2Bm_0%20%5Cright%5D%5Cpsi_a
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20S_G%26%3D%26%5Cfrac%7B%5Cbeta%7D%7B2%7D%5Cint%20dt%20d%5E3x%20(%5Cpartial_i%20A_0)%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20S_F%26%3D%26-%5Cfrac%7B1%7D%7B2%7D%5Csum_%7Bx%2Ct%7D%5Ceta_0(x%2Ct)%5Cleft%5B%5Cbar%7B%5Cchi%7D_a(x%2Ct)e%5E%7Bi%5Ctheta(x%2Ct)%7D%5Cchi_a(x%2Ct%2B1)%20-%20%5Cbar%7B%5Cchi%7D_a(x%2Ct%2B1)e%5E%7B-i%5Ctheta(x%2Ct)%7D%5Cchi_a(x%2Ct)%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20-%5Cfrac%7B1%7D%7B2%7D%5Csum_%7Bx%2Ct%7D%5Csum_%7Bj%3D1%2C2%7D%20%5Ceta_j(x%2Ct)%20%5Cleft%5B%5Cbar%7B%5Cchi%7D_a(x%2Ct)%5Cchi_a(x%2B%5Chat%7Bj%7D%2Ct)-%5Cbar%7B%5Cchi%7D_a(x%2B%5Chat%7Bj%7D%2Ct)%5Cchi_a(x%2Ct)%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20-m_0%5Csum_%7Bx%2Ct%7D%5Cbar%7B%5Cchi%7D_a(x%2Ct)%5Cchi_a(x%2Ct)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20S_G%26%3D%26%20%5Cbeta%20%5Csum_%7Bx%2Ct%7D%20%5Csum_%7Bj%3D1%2C2%2C3%7D%5Cleft%5B1-%5Cfrac%7B1%7D%7B2%7D%5Cleft(e%5E%7Bi%5Ctheta(x%2Ct)%7De%5E%7B-i%5Ctheta(x%2B%5Chat%7Bj%7D%2Ct)%7D%2Be%5E%7B-i%5Ctheta(x%2Ct)%7De%5E%7Bi%5Ctheta(x%2B%5Chat%7Bj%7D%2Ct)%7D%5Cright)%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%E3%80%81%24%5CLambda%20%3D%5Cpi%2Fa%20%5Csim%204.36%5Ctext%7BkeV%7D%24
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%20e%5E%7Bi%5Ctheta%7D%20%5Csim%201%2BiA_0

Formulation of fermions

Tight-binding Hamiltonian:

—

Creation/annihilation operators (?:‘):. bg (’F)

. o = X : original spin d.o.f.
Low energy effective theory:

Dirac spinor form [ as(Ky +7) )
J(X-l- ﬁ)
%(ﬁ) — >
bol b +P) Dirac point d.o.f
\ a,(K_+p) ) Diracpointd.od

= “pseudospin”
Square lattice regularization:

Staggered fermion X
23 doublers = 4 (spinor d.o.f.) x 2 (spin d.o.f.)

Monolayer graphene is described by a single staggered
fermion.


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0Aa_%5Csigma(%5Cvec%7Br%7D)%2C%5Cquad%20b_%5Csigma(%5Cvec%7Br%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Csigma%3D%5Cpm
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cpsi_%5Csigma(%5Cvec%7Bp%7D)%3D%5Cleft(%0D%0A%5Cbegin%7Barray%7D%0D%0A%5C%2C%20a_%5Csigma(%5Cvec%7BK%7D_%2B%20%2B%5Cvec%7Bp%7D)%20%5C%5C%0D%0Ab_%5Csigma(%5Cvec%7BK%7D_%2B%20%2B%5Cvec%7Bp%7D)%20%5C%5C%0D%0Ab_%5Csigma(%5Cvec%7BK%7D_-%20%2B%5Cvec%7Bp%7D)%20%5C%5C%0D%0Aa_%5Csigma(%5Cvec%7BK%7D_-%20%2B%5Cvec%7Bp%7D)%0D%0A%5Cend%7Barray%7D%0D%0A%5Cright)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cchi

Leading order: O(1)

e.g.) Integration over 6(z)
| G e |5 (@) - Vi @)

. 27

27

1™ = B
$0 =~ SIM@M+ D+ 3 53 (Vi (@) - Vi (@) + maM ()
2B === +® | < j=12
) Mz +1)  gfermiterm:

Local in spatial directions

:, M(x) Non-local in temporal direction



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM(x%2B%5Chat%7B4%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctheta(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x)%7D%7B2%5Cpi%7D%20%5Cexp%5Cleft%5B-%5Cfrac%7B1%7D%7B2%7D%5Cleft(V_4%5E%2B(x)-V_4%5E-(x)%5Cright)%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%3D%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x)%7D%7B2%5Cpi%7D%20%5Cleft%5B1-%5Cfrac%7B1%7D%7B2%7D%5Cbar%7B%5Cchi%7D(x)%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BU_4(x)%7D%5Cchi(x%2B%5Chat%7B4%7D)%5Cright%5D%0D%0A%5Cleft%5B1%2B%5Cfrac%7B1%7D%7B2%7D%5Cbar%7B%5Cchi%7D(x%2B%5Chat%7B4%7D)%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BU_4%5E%7B%5Cdag%7D(x)%7D%5Cchi(x)%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%3D%201%20-%5Cfrac%7B1%7D%7B4%7D%5Cbar%7B%5Cchi%7D(x)%5Cchi(x%2B%5Chat%7B4%7D)%20%5Cbar%7B%5Cchi%7D(x%2B%5Chat%7B4%7D)%5Cchi(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%3D%20%5Cexp%5Cleft%5B%5Cfrac%7B1%7D%7B4%7DM(x)M(x%2B%5Chat%7B4%7D)%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AS_%7B%5Cchi%7D%5E0%20%3D-%5Cfrac%7B1%7D%7B4%7D%5Csum_%7Bx%5E%7B(3)%7D%7DM(x)M(x%2B%5Chat%7B4%7D)%0D%0A%2B%5Csum_%7Bx%5E%7B(3)%7D%7D%5Cleft%5B%5Cfrac%7B1%7D%7B2%7D%5Csum_%7Bj%3D1%2C2%7D%5Cleft(V_j%5E%2B(x)-V_j%5E-(x)%5Cright)%2Bm_*M(x)%5Cright%5D

Next-leading order: O(f)

e.g.) Integration over 6(z) and 0(z + ;) from plaguette

ff do(z) ™ db(x +j) - [ :

o= o= p ——(V*(:r) C@)+ Vi e+ ) - Vi (a +3))]Ui(w)U4(a:+3)

— T

—_

- [ A B+ D) Ui + ) % [1 @)l + 21)] {1 Sy (x)x(a:)}

—_
Do

< (1= R+ DU+ Do+ 5+ D] |14 Jxte+ 7+ DUL + xto +)

2
. S . 1 _ .
=—%x(ff)x(:r+4)x(:r+j+4)X(ﬂf+j) = Vi @V (@ +9)
522{y+ V- (a:—|—4)1—|—V (2)Vi (z + 1)]
xz(3) 7=1,2 ———

j=3 does not contribute.

4-fermi term:

Non-local both in spatial
and temporal directions



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AV_j%5E%2B(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AV_j%5E-(x%2B%5Chat%7B4%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctheta(x)%20%5Ctext%7B%20and%20%7D%20%5Ctheta(x%2B%5Chat%7Bj%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AU_4%5E%5Cdag(x)U_4(x%2B%5Chat%7Bj%7D)%20
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x)%7D%7B2%5Cpi%7D%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x%2B%5Chat%7Bj%7D)%7D%7B2%5Cpi%7D%20%5Cexp%5Cleft%5B-%5Cfrac%7B1%7D%7B2%7D%5Cleft(V_4%5E%2B(x)-V_4%5E-(x)%20%2BV_4%5E%2B(x%2B%5Chat%7Bj%7D)-V_4%5E-(x%2B%5Chat%7Bj%7D)%5Cright)%5Cright%5D%0D%0A
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%3D%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x)%7D%7B2%5Cpi%7D%20%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x%2B%5Chat%7Bj%7D)%7D%7B2%5Cpi%7D%20%5Ctextcolor%5Brgb%5D%7B0.2%2C0.4%2C1%7D%7BU_4%5E%5Cdag(x)%7D%20%5Ctextcolor%5Brgb%5D%7B0.2%2C0.4%2C1%7D%7BU_4(x%2B%5Chat%7Bj%7D)%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctimes%20%5Cleft%5B1-%5Cfrac%7B1%7D%7B2%7D%5Cbar%7B%5Cchi%7D(x)%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BU_4(x)%7D%5Cchi(x%2B%5Chat%7B4%7D)%5Cright%5D%0D%0A%5Cleft%5B1%2B%5Cfrac%7B1%7D%7B2%7D%5Cbar%7B%5Cchi%7D(x%2B%5Chat%7B4%7D)%7BU_4%5E%7B%5Cdag%7D(x)%7D%5Cchi(x)%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctimes%20%5Cleft%5B1-%5Cfrac%7B1%7D%7B2%7D%5Cbar%7B%5Cchi%7D(x%2B%5Chat%7Bj%7D)%7BU_4(x%2B%5Chat%7Bj%7D)%7D%5Cchi(x%2B%5Chat%7Bj%7D%2B%5Chat%7B4%7D)%5Cright%5D%0D%0A%5Cleft%5B1%2B%5Cfrac%7B1%7D%7B2%7D%5Cbar%7B%5Cchi%7D(x%2B%5Chat%7Bj%7D%2B%5Chat%7B4%7D)%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BU_4%5E%7B%5Cdag%7D(x%2B%5Chat%7Bj%7D)%7D%5Cchi(x%2B%5Chat%7Bj%7D)%5Cright%5D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%3D%20-%5Cfrac%7B1%7D%7B4%7D%5Cbar%7B%5Cchi%7D(x)%5Cchi(x%2B%5Chat%7B4%7D)%20%5Cbar%7B%5Cchi%7D(x%2B%5Chat%7Bj%7D%2B%5Chat%7B4%7D)%5Cchi(x%2B%5Chat%7Bj%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%3D%20%5Cfrac%7B1%7D%7B4%7D%20V_j%5E%2B(x)%20V_j%5E-(x%2B%5Chat%7B4%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5CDelta%20S_%5Cchi%20%3D%20%5Cfrac%7B%5Cbeta%7D%7B8%7D%20%5Csum_%7Bx%5E%7B(3)%7D%7D%20%5Csum_%7Bj%3D1%2C2%7D%0D%0A%5Cleft%5B%20V_j%5E%2B(x)%20V_j%5E-(x%2B%5Chat%7B4%7D)%20%2B%20V_j%5E-(x)%20V_j%5E%2B(x%2B%5Chat%7B4%7D)%20%5Cright%5D

‘ Mean-field approximation

Mean-field approximation:
P(T) = Qo + i€(T)Pr

/ \

Scalar Pseudoscalar

M(z) = x(z)x(x)  P(z) = x(z)ie(z)x(z)

Integrate out fermion bilinear.

&

Effective potential:

1
Feff(cbaA):_NQN h’lZ(ijA)
1, By ] ¢ ’ B\’ — . of, BM
_Z|gb| —|—§|)\| —5/%111 E—m* —I—(l—FT) ‘_E sin (kJ_T):|



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cphi(x)%20%5Cequiv%20%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Cphi_%5Csigma%7D%20%2B%20i%5Cepsilon(x)%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Cphi_%5Cpi%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AM(x)%20%3D%20%5Cbar%7B%5Cchi%7D(x)%5Cchi(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AP(x)%20%3D%20%5Cbar%7B%5Cchi%7D(x)i%5Cepsilon(x)%5Cchi(x)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0AF_%7B%5Crm%20eff%7D(%5Cphi%2C%5Clambda)%20%3D%20-%5Cfrac%7B1%7D%7BN_s%5E2N_%5Ctau%7D%5Cln%20Z(%5Cphi%2C%5Clambda)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%3D%20%5Cfrac%7B1%7D%7B4%7D%7C%5Cphi%7C%5E2%20%2B%5Cfrac%7B%5Cbeta%7D%7B2%7D%7C%5Clambda%7C%5E2%20-%5Cfrac%7B1%7D%7B2%7D%5Cint_%7B%5Cvec%7Bk%7D%7D%20%5Cln%5Cleft%5B%5Cleft%7C%5Cfrac%7B%5Cphi%7D%7B2%7D-m_*%5Cright%7C%5E2%2B%20%5Cleft(1%2B%5Cfrac%7B%5Cbeta%5Clambda_2%7D%7B2%7D%5Cright)%5E2%5Csum_%7Bj%3D1%2C2%7D%5Csin%5E2%5Cleft(k_j-%5Cfrac%7B%5Cbeta%5Clambda_1%7D%7B2%7D%5Cright)%5Cright%5D

Stationary condition

By solving the stationary condition for A , it is
rewritten as a function of ¢ :

8Feff¢’)\ )\_OO
o _0:> 1 = 0+0(5)

|
|
|
Effective potential: l j=1,2 \
|
|
|

Feff(qlb) — _N2N IHZ(Cb) ______________________

1., 1 —1/7. _é i #) sin? k
ST CICRURIED S LR

-
<=
- s s e e e .


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AG%5E%7B-1%7D(%5Cvec%7Bk%7D%3B%5Cphi)%20%5Cequiv%20%5Csum_%7Bj%3D1%2C2%7D%5Csin%5E2%20k_j%20%2B%5Cleft%7Cm_*%20-%5Cfrac%7B%5Cphi%7D%7B2%7D%5Cright%7C%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Cfrac%7B%5Cpartial%20F_%7B%5Crm%20eff%7D(%5Cphi%2C%5Clambda)%7D%7B%5Cpartial%20%5Clambda_1%7D%20%3D0
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Cfrac%7B%5Cpartial%20F_%7B%5Crm%20eff%7D(%5Cphi%2C%5Clambda)%7D%7B%5Cpartial%20%5Clambda_2%7D%20%3D0
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Clambda_1%20%3D%200%20%5Ctextcolor%5Brgb%5D%7B0.4%2C0.4%2C0.4%7D%7B%2BO(%5Cbeta)%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Clambda_2%20%3D%20%5Cint_%7B%5Cvec%7Bk%7D%7D%5Cfrac%7B%5Csin%5E2%20k_i%7D%7B%7C%5Cphi%2F2%20-m_*%7C%5E2%20%2B%5Csum_j%20%5Csin%5E2%20k_j%7D%20%5Ctextcolor%5Brgb%5D%7B0.4%2C0.4%2C0.4%7D%7B%2BO(%5Cbeta)%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0AF_%7B%5Crm%20eff%7D(%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7B%5Cphi%7D)%20%3D%20-%5Cfrac%7B1%7D%7BN_s%5E2N_%5Ctau%7D%5Cln%20Z(%5Cphi)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%3D%20%5Cfrac%7B1%7D%7B4%7D%7C%5Cphi%7C%5E2%20%20-%5Cfrac%7B1%7D%7B2%7D%5Cint_%7B%5Cvec%7Bk%7D%7D%20%5Cln%5Cleft%5BG%5E%7B-1%7D(%5Cvec%7Bk%7D%3B%5Cphi)%5Cright%5D%20-%5Cfrac%7B%5Cbeta%7D%7B4%7D%5Csum_%7Bj%3D1%2C2%7D%5Cleft%5B%5Cint_%7B%5Cvec%7Bk%7D%7DG(%5Cvec%7Bk%7D%3B%5Cphi)%5Csin%5E2k_j%5Cright%5D%20%5Ctextcolor%5Brgb%5D%7B0.6%2C0.6%2C0.6%7D%7B%2BO(%5Cbeta%5E2)%7D

Effective potential with varying G

At the chiral limit, the effective potential is

D,
o 2 o? Bl 4 & sin? kq
=% | s S| gL
4 L 4 - 2 | L2 o= (0/2)* + >_;sin" k;

=0.5

Solving the stationary condition analytically, we obtain

o(3) = 0.24 — 0.306 + O(B*) (B=<<1)



http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0AF_%5Ctext%7Beff%7D%3D%5Cfrac%7B%5Csigma%5E2%7D%7B4%7D-%5Cfrac%7B2%7D%7BL%5E2%7D%5Csum_k%5E%7B%5Cpi%7D%5Cln%5Cleft%5B%5Cfrac%7B%5Csigma%5E2%7D%7B4%7D%2B%5Csum_j%5Csin%5E2k_j%5Cright%5D%0D%0A-%5Cfrac%7B%5Cbeta%7D%7B2%7D%5Cleft%5B%5Cfrac%7B4%7D%7BL%5E2%7D%5Csum_k%5E%7B%5Cpi%7D%5Cfrac%7B%5Csin%5E2k_1%7D%7B(%5Csigma%2F2)%5E2%2B%5Csum_j%20%5Csin%5E2k_j%7D%5Cright%5D%5E2
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%7B%5Csigma%7D(%5Cbeta)%3D0.24-0.30%5Cbeta%20%2BO(%5Cbeta%5E2)

Non-compact link integration

e.g.) Integration over 6(x) and 6(x —I—:y\) From non-compact plaquette
A

exp |~ (Vi @) = Vi @)+ Vit ) = Vit ) | 0(2)0 (e + )

T db(a) [ o+ )
/ 2T

— T

T df(z + j) a0 .
. f_ﬂ 27 (/ 2—96i39 — ii)

_p 2m

eV ) V@V )

One plaquette also works as its c.c.
I'II" 2 4
> The NLO effect is doubled: AS;;\ C=2x AS;

With non-compact formulation, o([3) drops twice as fast
as that with compact formulation.


http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctheta(x)%20%5Ctext%7B%20and%20%7D%20%5Ctheta(x%2B%5Chat%7Bj%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x)%7D%7B2%5Cpi%7D%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x%2B%5Chat%7Bj%7D)%7D%7B2%5Cpi%7D%20%5Cexp%5Cleft%5B-%5Cfrac%7B1%7D%7B2%7D%5Cleft(V_4%5E%2B(x)-V_4%5E-(x)%20%2BV_4%5E%2B(x%2B%5Chat%7Bj%7D)-V_4%5E-(x%2B%5Chat%7Bj%7D)%5Cright)%5Cright%5D%0D%0A
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Ctheta(x)%5Ctheta(x%2B%5Chat%7Bj%7D)
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5Ctimes%20%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x%2B%5Chat%7Bj%7D)%7D%7B2%5Cpi%7D%20%5Ccdots
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%3D%5Cfrac%7B1%7D%7B4%7D%5Cleft%5BV_j%5E%2B(x)V_j%5E-(x%2B%5Chat%7B4%7D)%20%2B%20V_j%5E-(x)V_j%5E%2B(x%2B%5Chat%7B4%7D)%5Cright%5D%20%5Ctextcolor%5Brgb%5D%7B0.6%2C0.6%2C0.6%7D%7B%2B(%5Ctext%7Birrelevant%20terms%7D)%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%5CDelta%20S_%5Cchi%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BNC%7D%7D%20%3D%202%20%5Ctimes%20%5CDelta%20S_%5Cchi%5E%7B%5Ctextcolor%5Brgb%5D%7B1%2C0%2C0%7D%7BC%7D%7D
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%20%0D%0A%3D%20%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%5Cfrac%7Bd%5Ctheta(x)%7D%7B2%5Cpi%7D%20%5Ctextcolor%5Brgb%5D%7B0%2C0%2C0.6%7D%7B%5Ctheta(x)%7D%5Cleft%5B1-%5Cfrac%7B1%7D%7B2%7D%5Cbar%7B%5Cchi%7D(x)%5Ctextcolor%5Brgb%5D%7B0%2C0%2C0.6%7D%7Be%5E%7Bi%5Ctheta(x)%7D%7D%5Cchi(x%2B%5Chat%7B4%7D)%2B%5Cfrac%7B1%7D%7B2%7D%5Cbar%7B%5Cchi%7D(x%2B%5Chat%7B4%7D)%5Ctextcolor%5Brgb%5D%7B0%2C0%2C0.6%7D%7Be%5E%7B-i%5Ctheta(x)%7D%7D%5Cchi(x)%20%2B%5Cfrac%7B1%7D%7B4%7DM(x)M(x%2B%5Chat%7B4%7D)%5Cright%5D%20%0D%0A
http://maru.bonyari.jp/texclip/texclip.php?s=%5Cdisplaystyle%0D%0A%5Ctextcolor%5Brgb%5D%7B0%2C0%2C0.6%7D%7B%5Cleft(%20%5Cint_%7B-%5Cpi%7D%5E%7B%5Cpi%7D%20%5Cfrac%7Bd%5Ctheta%7D%7B2%5Cpi%7D%5Ctheta%20e%5E%7B%5Cpm%20i%5Ctheta%7D%20%3D%20%5Cpm%20i%20%5Cright)%7D

