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Landau instability soliton instability

characterize the stability of superfluid by an exponent 

In(r, ε) ∝ εβ for ε→ 0

β
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rotational inertia 

ω

L = Iω

I = Ic

normal fluid

I =
ρn

ρ
Ic < Ic

superfluid

dissipationless flow

v (1)

x (2)

ε (3)

In (4)

Iθ (5)

εIn (6)

εIθ (7)

q = qc (8)

q → qc (9)

lim
ε→0

S(r) ∝ Φ0(r), lim
ε→0

G(r) = 0 (10)

lim
ε→0

S(r)proptoΦ0(r), lim
ε→0

G(r) = 0 (11)

2

l

a
P1 P2

v =
a2

8lη
(P1 − P2)

Hagen-Poiseuille flow
normal fluid

(Leggett ’71)



Landau’s criterion
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Local Landau’s Criterion
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Is the Landau’s criterion applicable 
to inhomogeneous system? 

The answer is “NO”.



Emission of Excitations

Landau’s criterion

v = 0
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soliton and vortex emissions

v (1)

x (2)

ε (3)

In (4)

Iθ (5)

εIn (6)

εIθ (7)

q = qc (8)

q → qc (9)

lim
ε→0

S(r) ∝ Φ0(r), lim
ε→0

G(r) = 0 (10)

lim
ε→0

S(r)proptoΦ0(r), lim
ε→0

G(r) = 0 (11)

2

v (1)

x (2)

ε (3)

In (4)

Iθ (5)

εIn (6)

εIθ (7)

q = qc (8)

q → qc (9)

lim
ε→0

S(r) ∝ Φ0(r), lim
ε→0

G(r) = 0 (10)

lim
ε→0

S(r)proptoΦ0(r), lim
ε→0

G(r) = 0 (11)

2

Hakim (1997)

soliton

v (1)

x (2)

ε (3)

In (4)

Iθ (5)

εIn (6)

εIθ (7)

q = qc (8)

q → qc (9)

lim
ε→0

S(r) ∝ Φ0(r), lim
ε→0

G(r) = 0 (10)

lim
ε→0

S(r)proptoΦ0(r), lim
ε→0

G(r) = 0 (11)

2

Aftalion (2003)

εp + p · v < 0
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Critical Velocities in Cold Atoms

Inouye (2001)

Raman (1999) Onofrio (2000)

vortex observed by 
interference fringes 



Aim

Is it possible to characterize these 
instability in a unified way?

saddle node 
bifurcation 
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soliton
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Proposal 

Local Density Spectral Function



How to characterize the stability?

function of momentum

S(q,ω)

applicable to uniform system
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local density spectral function
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Local Density Spectral Function
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Results 

weakly interacting Bose system
(Gross-Pitaevskii equation + Bogoliubov equation)

soliton instability

Landau instability



Landau instability

v (1)

x (2)

ε (3)

In (4)

Iθ (5)

εIn (6)

εIθ (7)

q = qc (8)

q → qc (9)

lim
ε→0

S(r) ∝ Φ0(r), lim
ε→0

G(r) = 0 (10)

lim
ε→0

S(r)proptoΦ0(r), lim
ε→0

G(r) = 0 (11)

2

1D 3D2D

�8 �6 �4 �2 2 4

�15

�10

�5

�8 �6 �4 �2 2 4

�15

�10

�5

�8 �6 �4 �2 2 4

�15

�10

�5

Log[ε] Log[ε]Log[ε]

Log[In(ε)] Log[In(ε)]Log[In(ε)]

∝ ε1

∝ ε−
1
3 ∝ ε

1
3

∝ ε1

∝ ε2 ∝ ε3

•increase of density fluctuation
•jump of exponent at the critical velocity

v
v v

In(ε) =
�

dq
(2π)3

S(q, ε = ω)



v (1)

x (2)

ε (3)

In (4)

Iθ (5)

εIn (6)

εIθ (7)

q = qc (8)

q → qc (9)

lim
ε→0

S(r) ∝ Φ0(r), lim
ε→0

G(r) = 0 (10)

lim
ε→0

S(r)proptoΦ0(r), lim
ε→0

G(r) = 0 (11)

2

x
0

Soliton Instability

v = 0.04

v v = vc

v = 0

v � vc

0

In x

ε
0

In x

ε

In

x

ε

0



Profile of Spectral Function

1D 3D2D

•increase of density fluctuation
•prediction of profile at the critical current
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Soliton Instability
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Landau instability

β = d

β < dIn(x, ε) ∝ εβ

ε→ 0 v < vc

v = vc

Exponent of Spectral Function
In(x, ε) ∝ εβε→ 0When           ,       

propose a new criterion

dimensiond

v < vc v = vc

β = −1, 0, 1

β = −1
3
,
1
3
, 1

(d = 1, 2, 3)

soliton instability

β = d

β = dv (1)

x (2)

ε (3)

In (4)

Iθ (5)

εIn (6)

εIθ (7)

q = qc (8)

q → qc (9)

lim
ε→0

S(r) ∝ Φ0(r), lim
ε→0

G(r) = 0 (10)

lim
ε→0

S(r)proptoΦ0(r), lim
ε→0

G(r) = 0 (11)

2

v (1)

x (2)

ε (3)

In (4)

Iθ (5)

εIn (6)

εIθ (7)

q = qc (8)

q → qc (9)

lim
ε→0

S(r) ∝ Φ0(r), lim
ε→0

G(r) = 0 (10)

lim
ε→0

S(r)proptoΦ0(r), lim
ε→0

G(r) = 0 (11)

2

When           ,       



Outlook vortex pair

Conclusion

β = d
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local density spectral function

propose a new criterion for superfluid

vortex emission

Unified characterization of Landau and soliton instability

Outlook and Conclusion
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